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Abstract

Gaussian-transform formula is derived for the Dirac wave function. Using it, one can derive the multicenter molecular integral over Dirac wave functions
for any physical quantity. As the first application of it, multicenter molecular integrals over Dirac wave functions are derived for the homogeneous charge
density distribution model and the Gauss-type charge density distribution model. Such integrals are necessary for solving the gauge-invariant molecular
matrix Dirac equation with using the restricted magnetic balance.

1. Introduction

The real hydrogen atom has the vector potential of the magnetic field due to the nuclear spin because it has its nuclear spin.
Sun, et al. [1] showed the gauge invariant Hamiltonian of the Dirac equation of the hydrogen atom must include the vector
potential due to the nuclear spin. Generally speaking, the fundamental equation of physics must be gauge invariant. The gauge
invariant Dirac equation, because it has the vector potential due to the nuclear spin, does not have a rigorous solution. The gauge
invariant Dirac equation is given by
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Where m_is the electron rest mass, c is the speed of light, Vis the scalar potential, & is the Pauli spin matrices, p= —inV is the
momentum, and A is the vector potential due to the nuclear spin, W*is the large component spinor, ¥ is the small component
spinor, and E| is the energy. We subtract the rest-mass energy m c* from E to align the energy scale to that of the Schrodinger
equation. So Eqg. (1.1) can be modified to
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To solve this Dirac equation, Eq. (1.2), we may use a suitable basis set, {) }. The large component spinor can be expressed as
a linear combination in terms of these basis functions as given by

L

L
Y = 2y Civ 1y (1.3)

However, the small component spinor is in the variational collapse until using the restricted magnetic balance (RMB) [2] as
given by

S S~ o -
¥ =2vCjoe(P+ Az, (1.4)
Recently, Yoshizawa [3] derived the matrix Dirac equation with using the RMB as given by
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where

Vo =<2, IV 12, > (1.6)
1 L

Cfm),,v=m<zﬂla°(p+A)G°(p+A)lxv> (1.7)
e

W), =——55<%,/5e(P+AVGe(P+A)| g, > (1.8)
4m,c

and

S, =<X.lx > (1.9)

The above gauge-invariant Dirac equation may have the vector potential of the external magnetic field in addition to that
due to the nuclear spin. We use the atomic units throughout the present article (m, =1, e=1, =1, 475, =1,¢=137.035999139)
. However, we describe m,, e, i explicitly for the reader's convenience when one converts the units to natural units. When one
extends the matrix Dirac equation to the molecule, it is natural to use the Dirac wave function as the basis function for solving it.
However, there is no molecular integral formula for that purpose. The author will derive all of the necessary molecular integrals
over Dirac wave functions as the target shortly. As the first step, we select a physical quantity as follows: There is the physical

quantity G e(P+A)V Ge(p+A) in the Hamiltonian of the above matrix Dirac equation. Using the Dirac identity, we have
Ge(P+AVGe(P+A) =(P+A) eV (P+A +iGe(P+AxV(P+A) (1.10)

In the second term, we have the physical quantity i e (pxVA+ AxVpP) which is the target in the present article. The one-
center integral of the target quantity is divergent for the point charge nucleus [4]. Theoretical chemists use the finite nucleus
models [5] instead of the point charge one. Some experiment shows that the real nucleus is not the point charge one but the
finite one [5]. The experimental radius (the root-mean-square radius) of the finite nucleus is given by [5].

RMS =0.836 A”* +0.570 (£0.05) fm (1.11)

where A is the atomic mass number (for example, A = 13 for '*C an atom). We use the homogeneous charge density distribution
(HCDD) model [5] and the Gauss-type charge density distribution (GCDD) model [5] here. Especially the GCDD model is used
in several calculations using the finite nucleus model [6-8]. In a previous article [9], it is shown that the Gaussian-type-orbital
(GTO) is not suitable for the calculation of the target quantity and the point charge nucleus is also not suitable as the theoretical
model. In the next section, the Gaussian-transform formula of the Dirac wave function can be derived for the calculation of the
multicenter molecular-integral over Dirac wave functions. As the first application of the formula, the multicenter molecular
integral over Dirac wave functions for the target quantity can be derived in the third section for the HCDD model and for the
GCDD model.
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2. Gaussian-transform formula for the Dirac wave function

Shavitt and Karplus [10] derived the Gaussian-transform formula for the 1s Slater-type orbital (STO) as given by

exp(=Cal,) = 25’*; jo“’ dss™? exp(—%—s r?) (2.1)

Ishida [11] extends it to the integer n STO as given by

o W _ 2
0 exp(-Cun) = =Y, O (2iA—1)!![;A](§J [ dss it exp{—%—sfi } (2:2)

We extend it to the non-integer n STO as follows: For a non-integer n,* with n,-1 <n,* <n, (n, = 1 for the Dirac wave
function), we have

Na
pratl I
A r Np—Np*+1 (2.3)
A

There is the identity given by [12]

xp(-f) _ 1 1, (1-0"7

AT 0 exp{_ﬂ(ﬂ:%ﬁ\”’,v=nA—nA*+1>0) (24)

Using Egs. (2.3) and (2.4), we have

- P | N2 ) 1=D™™
W eXp(_g‘\r’*):1“(nA—nA*+1)2“ﬂ+'«/; Z‘“( 2 _1)”[n ) j(é”J J.Odt(t““% exp( gA j &3

Using Eq. (2.2) for Eq. (2.5), we have the final formula for the non-integer n STO given by

. 2np—Na*+2 . . n. +1 2 0 1 (l_t)”A*“A* © o é’z
M exp(=C ) = A SR =D AT S [ dte s [ Tdss T exp| ——2A-— 517 | (2.6
A eXp(=Gary) F(nA—nA*+1)2”a“\/; Z,A( )* (21, =1 ( 2i, j(;i] jo 20 2ia 3 IO exp{ 4st? A | (2.6)
For the Dirac wave function (in the case of n, = 1), we have
1+s £ & 2
. ' $a a-op* oo (1-H ¢
r o exp(=C,r,) =——22—— 2exp(-sr dt dt ex A
N T 5 [ dss™ exp(- )K [ dt e -, e R 2.7)

where ¢, = 1—,[1—(ZAa)2 in which a = 1/137.035999139 is the fine structure constant and {, = Z, in which Z e is the

nuclear charge. In the above derivation, Eq. (2.1) is taken from the reference. Equation (2.2) is the author’s previous work.
Equation (2.3) is derived by the author. Equation (2.4) is taken from the reference. Equations (2.5)-(2.7) are derived by the
author. Note that the Dirac wave function is divergent at r = 0. Therefore, it is impossible to mimic it in terms of not only GTOs
but also integer n STOs. For the molecular integral over the non-integer n STOs, several researchers developed it, for example,
see [13-16]. However, their non-integer n STO does not include the Dirac wave function. The present Gaussian-transform, Eq.
(2.7), is only one formula to treat the multicenter molecular integral over Dirac wave functions.

3. Application of the present Gaussian-transform formula
3.1 Three-center molecular integral over Dirac wave functions for the target quantity with the HCDD model

For the HCDD model, the distribution function of the nuclear charge is given by
p(r)=p,0©(r,-1) (3.1.1)

3Ze
where p, = pry and O (r,- r) is the Heaviside step function given by
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1 (0<sr<ry)

oy, -nN=41/2 (r=r) (3.1.2)
0 (r>ry)

in which r, is the radius of the finite nucleus of the HCDD model. The value of r, is given by r, =+/5/3 RMS [5], where RMS
is the root-mean-square radius of the finite nucleus. The scalar potential is given by

2 2
—%{1—%%} O0=<r<ry)
V(=] M T (3.1.3)
2
- (I" > rH)
The vector potential is given by
Ze _
) W'u r (0<r<ry,)
A= H (3.1.4)
Ze .
CZT/UX r (r > rH)

where 4= (44, 4y, 14,) is the nuclear magnetic moment. Note that each potential is the same as the corresponding one for the

point charge nucleus in the outer part, r > r, . The target quantity is given by

hz 2,7 o, XD (0<r<r,)
ice(pxVA+AxVp) = [E,1e(XY,2)] (3.1.5)

z2 *h
out
c? Z;Zqo-ﬁfunxfn (I’>I’H)

where
in 3 2r2 9577
qu 255” (—E‘FFJ—E (316]
and
u 2 4én
Xo =0u a5 (3.1.7)

The matrix element of the target quantity over Dirac wave functions are given by

e Ze’n
< ynliG e (PxVA+AXVDP)| x5 > =C—ZZ§ZUO'§,UW|§” (3.1.8)

in out
=l +1

where y, =r,* exp(-¢,r,) and three-center molecular integral is given by, 1, 2 » iIn which

in ~[ 30 2r2(5 -&n)

Ifnzjdr(_ f”+ 6 ] Al Bexp( é/ArA_é,BrB) (3.1.9)
Iy Iy

and

ou 2 4 —éA p¢B

15 J.dr( 2 fénjrA s exp(—¢aly —Cala) (3.1.10)

First, let us evaluate 1. To evaluate the integral, we use the Gaussian-transform formula, Eq. (2.7), and have

l+ep #lteg

2 Ep N 2
[in — A 58 “ds [“d -3/2 é (1 t) (l t) _ Ch
2z 47Z'F(1 + SA)F(I + 88) IO sl IO S2 (Sl SZ) |:[ 251 JJ.O d 1 t 4+gA '[ d t 2+£A eXp 451 t12
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2, (I-t)® 1-t, 2
X{(%]jodtz(t;éz jo z(t22+g) } [ J jd [—— 62 jexp[—slr,f—szré] (3.1.11)

H

We know 2r*> -2 = g r’ —%SZO (r), where S,,(r) is the solid harmonics. We use the Gaussian product rule and have

1 2

—2
exp[—S,Is —S,I7 | =exp{— 2 AB }exp[—(s1 +s,)17] (3.1.12)

A+ B . We use Sack’s translation of GTO given by [17]

S +5S, S +5S,

where P =

exp[—(s, +5,) I’;] =4z exp[—(s, +5,) rr\j —(s + Sz)wz] Ze i,[2(s, +5, )W Ml an:JYfm(MIS)Y/m(fM )* (3.1.13)

where i,(z) is the modified spherical Bessel function of the first kind [18]. The M = (0,0,0) denotes the origin of the
molecular integral. We again use the Gaussian product rule as given by

—2 S] SZ —2 —2 —2
exp[—(S, +5,) MP Jexp| ————AB |=exp[-5,MA —s,MB ] (3.1.14)
1 2

Using these equations, we have

n__ CaCe” 3 _ Sa -t a-t)™ _4a
Izz_r(1+gA)r(1+g)j 5, dou(55:)" expl—s WA SMB]stJL g e -f {7 }Xp( 4slt12]

XK%JI a 455)55 Ja a 2Eg)gs}exp(—4si/ét22J 1+ 1] (3.1.15)
Where

I = j dr ( : rer exp[—(s, +5,) 1y 1>, i,[2(s, +5,)MPT, ]zfn:_fvzm(mﬁ)jdwﬁ(m)* (3.1.16)
And

- j dr, 12 expl~(s, + 5,121 Y 1125, +S,)MP 1, IS Y, (MP) [dfY," (7, %S, () (3.1.17)

For the angular part, we know the relations [11] given by

Do YT (MP) [ARY (7 )% = 5,60 (3.1.18)

And

z,[n:_fom(Mls)J.dezm(fM )*Sy (a) =19, SZ%MZP) (3.1.19)
MP

Using Eq. (3.1.18) for Eq. (3.1.16), we have

H (7 3 5l’2 . —
I = [ dn, ( 3:2 ]r“j exp[—(S, +5,) I 1i,[2(s, +S,)MPT,, ] (3.1.20)

4
H H

Using Eq. (3.1.19) for Eq. (3.1.17), we have
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o _ 2SZO(MP)
LI

Using the Taylor series of the modified spherical Bessel function of the first kind given by [18]

X! o (X*/4)

(x )_(2£+1)nzi:°j!(f+3/2)j

I dr,, 1 exp[—(s, +5,) Iy 1 1,[2(s, +$S )MPr ]

(where a; =a(a+1)eee(a+ j—1) is the Pochhammer symbol), we have

Tw

. 2_2 i —_
I =ZT:0—[(SIJ.FSZ) ME {(é’j dr, 13’ exp[~(s, +5,) 1y

i3/2),

.,
o [(5+8)°MP P [ =3¢ . -
:ZH‘_Z— E jo dx x " exp[—(s, +5,) X] +

i13/2),

2r} j'3/2), S, +5,

We know the following relation [18] given by

I'(a)
C(a+1)

Using Eq. (3.1.24) for (3.1.23), we have

7(a;X) = X“ F(a;a+1,—-x)

i 3y [(s,+5,)’MP ]! 21 D(+3/2) F(J
STt S 116 V5) R YR V5) R

2N 521] .
SR AR W
6r; <170 11(372); r(j+7/2) 2

_ B g [s4s MR [T(+3/2) ,T(j+5/2)
2r, &0 j13/2), r(j+5/2) ' 2NT(j+7/2)
5 e [(5,45)°MP 1T G+5/2) (oo T(+7/2)
6r, i< i13/2), L(j+7/2) % "r(j+9/2)
2 382 J— ,
=—————|=(5,+S,) " MP —(s,+5s,) |r, +O(r,
T, 105[3(1+2) (1+2)}H+ (1)

Also using Eq. (3.1.24), we have

| = -2 SZO(W) 4(51"'52)2WZ Zw [(51“‘52)2W2]j
35 MP 15 = 13/2),

Ty 2746 2
Jo dry """ exp[—(s, +5,) 1y ]

o [(s+s)MP] jz

(s,+5,)° SZO(MP)Z NG/
: i

0

456
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J— j+312
:;32?:0[(5&32) MP ]][ ! ] yLi+3/2(5+5,)r ]+ 6r° Z,o

5
= S, +5,)r
J+2(+)j

[(s+s)MP]( 1

exp[—(s, +5,) X]}

j'3/2),

2
9_(51 +52)rHj

+0(ry )}
o(r )}

" dx X1 exp[—(s, +5,) X]

(3.1.21)

(3.1.22)

M r\ij+4 exp[—(s, +5,) rni ]}

j+5/2
] y[i+5/2;(5+8,)5] (3.1.23)

(3.1.24)

(3.1.25)
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s I s MR YT g , o [(s,+5,)'MP ]’
(5 +$S ) Szo(MP)Z !(3/2)1- (51 +Sz] 7[J+2a(sl +8,)h ] = (5 +$s ) Szo(MP)Z —J!(3/2)j
2 D(j+712) ( 7.9, QJZ—_4 ve = T(7/2) ,
r; —F(j+9/2) F j+2,j+2,(SI+SZ)FH 15 (8, +5,)°S,,(MP)r, F(9/2)+O(rH)
‘_T85(51+52>2320(W) r, +0(r}) (3.1.26)

where y(a;X) is the incomplete gamma function of the first kind [18] and |F (a;7;X) is the confluent hypergeometric

function [18]. Next, let us evaluate 12" . Similarly to 1" of Eq. (3.1.15), we have

o = m j j ds, (s5,) > exp[-s, MA —s,MB ]K%]I dt, d 4” Ldl(lt ZL)CA}exp[—&]
XK%}I a 4t+5)as jdt a 2t) :|exp[_4sfét22J[llom+ISUI] (3.1.27)
Where

|°“‘=—J' dr, L exp[—(s, +5,)1; 1D L1205, +8,)MP I Y (MP) [dPY," (f, ) * (3.1.28)
And "

|°“t_—j dr, exp[ (sl+sz)rN2,]zli4[2(51+52)WrM]Z;Z_IY{m(MIS)Ide[m(fM)*Szo(a) (3.1.29)

Using Eq. (3.1.18) and (3.1.19) for the angular part, we have
ot = —j dr, exp[ (s, +5,)r21i[2(s, +5,)MPT,, | (3.1.30)
and

o = -8 Szo(MP)I dr, exp —(s, +5,) 12 1,[2(s, +5,)MPT,, | (3.1.31)

Using the Taylor series of the modified spherical Bessel function, Eq. (3.1.22), we have

-
out _2 » [(S +Sz)2MP ]J * 2j-2 2 _1 [(S +S ) MP ] i
I _EZj:OIj!GTI'H dr, r, " exp[—(s, +5,) Iy ] _§ZJ G0, J’ %72 exp[—(s, +5,) X]

:%f dx X2 exp[~(5, +8,)x] + 23 +S ) we” >, [(S(;)s()s/'\g? ]Jf dx X7 expl~(s, +8,)X] = \'s [_, (s, +5,) ]

— —2 .
+2(sl+sz)2MP ZTO[(SI+52)2MP It [ 1

j+1/2
C[j+1/2;(s, +s,)r] 3.1.32
9 (2)1'(5/2)j SI+SZJ [J (1 2)H] [ )

We can easily derive the following relation given by

Xa X0(+1 Xoz+2
I'e;x)=T'(a) ——+——-
a o+l 2a+2)

+eoe X << (3.1.33)

Using Eq. (3.1.33) for (3.1.32), we have
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ot = 2 —gx/Z(lersz)”%rz(sl+sz)rH +0(r}) +£\/;(SI+SZ)MW22F2 (1,1 22, :(s,+5,)MP j
3r, 3 3 9 2’72
4 2 D> 3
—a(sl+sz) MP r, +O(ry) (3.1.34)

Also using Eq. (3.1.33), we have

3 — =2 217524

Izout :_Sszﬂ/lzp) 4(s, +s,)"MP Zfo[(sl'f'sz) MP ] J‘ d exp (51+52)r,j]
3 MP 15 i j17/2),

- [(s,+8,)° MP

(s +5,)°S,,(MP) Z o2
: j

I dx x'™"* exp[—(s, +,)X]

(s +5,)’S,,(MP) Z

= [(s,+5,) MP’ 1§ 1
19772, S, +5S,

j+1/2 1
J F(j+ 5(s, +8,)r0)
274_156\/;(51 +5,)" SZO(W)I F (%§%§(Sl +Sz)w2j +%(Sl +5,)’ Szo(w) r, +0(r)) (3.1.35)

where I'(a;X) is the incomplete gamma function of the second kind [18]. With Eq. (3.1.25) and Eq. (3.1.34), we have

o :_?2\/2,/51 +s, J%J;(s1 +5,)""MP’,F, (1,%;2,%;(51 +52)W]
1305 45n, — 2 (s 45, MPL, +O() (3.1.36)
35 35
Note that the largest term as 2 in Eq. (3.1.34) cancels that as _2 in Eq. (3.1.25) out. With Eq. (3.1.26) and (3.1.35), we
3r, 3r,
have H H
in out 16 \/’ 3/2 D 24 2 D 3
1415 = =V (5+5,) "85 (MP) +22(5, +5,)7 S, (MP)1, +O(r)) (3.1.37)

Using Eq. (3.1.36) and (3.1.37) for Eq. (3.1.15) and (3.1.26), we have

PR T Y S  A-t)™ a-ty™ A
l,=—22 28 d MA s, MB'] || 24 dt -
“OT(+e )l (1+&, )I J. 5:(58,) 7" exp[=s, 52 stl Io 1 t4+£A .[ 1 t2+sA eXp 4s.t2

$e |y (-t)" (1-t,)" &
X|:(232jj.0d 4+SB Id 2+£B j|e p( 452 tzzJ

{Sm s S s W 1

1.5
——s+sMP
7:25(8+8) j

—%\/Z(slmz)“szo(W) F G;%;(sl+SZ)WZJ+%(sl+sZ)rH (s, +5,)’MPT, + (s +5,)*S,,(MP)r,, }+O(rj) (3.1.38)

Note that all main terms come from the outer part, as seen in Eq. (3.1.34), (3.1.35), (3.1.36), and (3.1.37). Let us change the

o(s,,s
variablesas Z =S, +S, and W=S,( S, +S,) . The Jacobian is LICIUY z. Thus Eq. (3.1.38) can be rewritten as

>
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GG 32 B Sa )y A=t)™ A=) $a
I, = r(1+sA)r(1+g)I dwj dz Z[w(l — w)z] 2 exp[-WzMA — (1 — w)zMB]K ]joolt1 = jo = }e p[ 4wztfj

« s (1 t,)" (1-t)" s -2 ", 32 302
{[2(1—w)z]j R -J = }Xp[ 4(1—W)zt22]{ R g X“FZ(’ ”2’ij AR ‘( Oj

+ﬁzr —ﬁzzxr +2 ’y, ., }+O(rj)

35135 (3.1.39)

where x, =W MA” +(1-w)MB’ +2w(l-w)MA e MB and
Y, =W'S, (MA)+(1-w)’S, (MB)+w(1-w)S, (MA,MB;1) (m=-2,-1,0,1,2)in which S, (MA,MB;1) is the mixed solid

harmonics defined by Ishida [19]. We separate the integral over z as follows:

J:dz :j0a2 dz+I;dz (3.1.40)

Where a?can be chosen arbitrarily. We choose as a*= 4, here. Next, we change the integral variable as follows: In the first term
in Eq. (3.1.40), we doas z =a’u.Wedoas z=a’/u in the last term in Eq. (3.1.40). Thus we have

J':dz =a\2j01du+a2'|.01duul2 (3.1.41)

Substituting Eq. (3.1.41) into Eq. (3.1.39), we have the final formula of the three-center molecular integral over Dirac wave
functions for the HCDD model, which is given by

észAézHgB .[1
IFd+e)I(1+¢g)"°

« Sa |ty (=1)™ (1-t)™= _ Ga % 4= t)"” (1-t)" 4
szuazj-[odt1 £+ j a £ }Xp[ 4wua2tlzJ {[2(1—W)uazjj 2ot j at t,7e }Xp[ 4(1—W)ua2t22]

2z L2 o 5 ay, 36r, 24 24
{ — f 1/2 5 2( ) 2,E;Ua2xoj \/7 1/21 1( 55 ua2x0)+—l_ a’x X0y +§a2y0 rH}

3 au 35u 35

dww(l —w)]™>"? _[ : du exp[—wuaZW\2 —(1-wua’ Wz]

z

I+ep slteg

. 1-w ug (1-t,)% (1-t)% us;
——=A 28 [ dw[w(l-w)]*| du ——a MA’ - a’MB’] A dt ! dt ——2A
+r(1+(c;A)r(1+gB)I w1 W] duexpl Y sza )I D [ {2 }Xp [ 't

ug? L (-t (1-t,)% ug? 2 Jr L2 oA 1.5 a 16 —ay, 17 a
X dt, exp \/— 0 F|1,=;2,=—x S e (R =4 IR
Hza w)a’ jj Pogte I t, e 41-wya’t? ) | 3 a” 227270 ) 4 e 2727

6r, 242°% 242, }+O(r3)
;

+——",
35u 35 u> " o35 ot "

(3.1.42)

The error term is in the order of I’,i . In Eq. (3.1.42), integrals over w, u, t,,and t, can be performed numerically with using
the 64-point Gauss-Legendre quadrature in the good precision of the 8 significant flgures With a similar derivation to that for
I, we obtain I by replacing y, with [-y, + \/gyz] /2 in the above Eq. (3.1.42) and I, by doing y, with [y, - \/gyz]/Z . Also with
a similar derivation to that for I , we have

_ij dww(i - w)]** [ duexpl-wua’ MA” ~ (1~ wyua’ MB ]K g‘izjj g 0™ ~[lat d ZL) }ex( & j

YT+ e )M (1+&4) 70 2wua £t 4wua’t’
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I L (1=t (1-t,)® IS 8 ay, (1 7 j 36 ,Y,
dt dt, —=— -—28 \/ uatx, |[+—a’ ==,
|:(2(1_W)ua2 IO 2 t24+¢95 ,[ t2+éB CXp 4(1_W)ua2 t22 1/2 \/_1 1 0 +35 \/g H

$attgp™ 32 W 1-w 2 MB u, (1 t)™ (1-t)> ug,
r(1+gA)r(1+gB)I w(l - wT I duexpl a A - T ]sza jj Lot I & £ }’Xp[ 4wa2t12j

o[ uds (1-t)" (1-t)" ués 8§ —ay, (17 362’ y, 3
Kza wpa’ jj‘“ Lo -t g }Xp( 4(1—w)a2t22]{ 57 “IIF[ uax) B }+O(r”)(3'1'43)

We obtain L, by replacing y , with y, in the above Eq. (3.1.41) and I, by doing y , with y . Of course, I, =

én ”
3.2 Three-center molecular integral over Dirac wave functions for the target quantity with the GCDD model
For the GCDD model, the distribution function of the nuclear charge is given by

r’ 1 3Ze
M= o exol _ 3.2.1
p( ) pO p{ rozj pO F(5/2) 47rl’03 ( )

The value of the parameter r is given by r, =+2/3 RMS [5]. The scalar potential of the GCDD model is given by

V(r)= —\2/2—6: F, (Q] (3.2.2)

Where F_(Z) is the molecular incomplete gamma function given by

1
F (2)= jo dtt>™ exp(—zt*) (3.2.3)
The vector potential due to the nuclear spin of this model is given by
< Ze 4 r’
A=———F xr 3.2.4
T [ J/J (3.24)

The target quantity can be written as

= = 7%
|00( pxV A+ AxV p) = 3.2 o, X[ e (%Y, 2)] (3.2.5)
where
16
Xo=—"% {6, [(FR+FF)’ -FFr|-(FF+FF)n | (3.2.6)

0

The three-center molecular integral over Dirac wave functions for the target quantity is given by
s, :_[defrer_gArB_gB eXp[—Cala —¢ls] (3.2.7)

First, we evaluate I which is given by

32 _ _
I, *Idr{ o 0F1*3”r0 zo(r)(FF+FF):| SAr &g eXp[ é’A é’BrB] (3.2.8)

Using the Gaussian transform for the Dirac wave function and Eq. (3.1.12)-(3.1.14), we have

2

~ §1+5A l+eg i _ C_i (1 t)EA (1 t) A
7 T(+£)0(1+ &, )I dsj (500 el oA M8 ]KZSJI [ Idt £ }Xp[ 451'[12}

XK Jj dt, d 455) jdt d 255) :|exp[ 443 J(I +1,) (3.2.9)
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Where

I, = e j dr, r2[r2 (FF +FF)— 1y FyF Jexpl=(s, +5,)m 1 2 i,[2(5, +5,)MP R, 1 X Y (MP)[dR, Y (F,)*  (32.10)
and

1, = . j dr,, 1 (FF + F R expl—(s, + 5,000 1 2 i,[2(5,+5,)MP 1, 1 3 Y,"(MP)[df,, Y™ (7, ) * S, (1)) (3.2.11)

For the angular part, using Eq. (3.1.18) and (3.1.19), we have

I, j dr, ralrs (FF +FF)- r 2F,F, Jexp[—(s, +5,)r2 Ti,[2(s, +5,)MPT,, ] (3.2.12)

and

. Szo(MP)j dn, 12 (FF + F,F,)exp[—(s, + 5,)5 T [2(5, +5,)MPT, | (32.13)
37 MP

We separate the inner and outer part of the finite nucleus of the GCDD model as follows: We use the asymptotic expansion of
the molecular incomplete gamma function given by

F [Q}M(L}j (r =) (3.2.14)
r, 2 r

We know that F,(z) becomes its asymptotic value for z > 36 in the 15 significant precision and F,(z) does for z > 40 [20]. We

2
0

2 2
scalar potential V(r) = Z—Ze F, [ ] is equal to —ze , which is also equal to the outer part of that of the HCDD model as seen

Jrr, o r

2
NV
choose r > R =br, the outer part and b = 7(b* = 49). . For r > R, the value of F, (r—] is equal to 777_0’ so that the value of the
r

r’ NS —~ Ze 4 r’
in Eq. (3.1.3), and the value of F, (—zj is equal to Tﬂ%, so that the value of the vector potential A=— F ( ],ux ris
r r

0 c? \/7 3

equal to EL,u>< r , which is also equal to the outer part of that of the HCDD model as seen in Eq. (3.1.4). Thus, for the outer
c?

part, each scalar potential of both models coincides each other and also each vector potential does. Because we separate the
inner and outer parts, we have

=11 (3.2.15)

and

=10 (3.2.16)

where

|n = r 2F F Jexp[—(s, +5,)r Ti,[2(s, +5,)MPT,, | (3.2.17)

out 32 ®© 2 2 3 2 27 D

Il B 3 r6 IROdrM rM [rM (Fl Fl + Fon)_ErO FOFl]exp[—(Sl + Sz)rlvl ]IO[Z(SI +52)MP rM] (3'2'18)

0

—— SZO(MP)j dr,, 12 (FF, + F,F,)expl[—(s, + 5,12 T, [2(5, +5,)MPT,, | (3.2.19)
3710 MP

and

ot = 32 SzO(MP)j dr, 12 (FF, + F,F, ) exp[—(s, +,)F J,[2(s, +5,)MP,, ] (3.2.20)
3izr MP

To calculate the inner part, we use the power series of the molecular incomplete gamma function as given by
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» (M+1/2). (=x)}
Foo=—' Fmilmsd o=t 3= ¢ )i (%) 3.2.21
m 11 _
m+l 22 M1~ (m+3/2), j!

Thus we have

n,+n
Iin B lzoo sor (3/2)n] (3/2)n2 (—1/r02) 1772 +lz°° Zw (5/2)'11 (1/2)n2 -1/ rOz)nlafnz
I =) g=n=0~n,=0 (5/2)nl(5/z)n2 nIny! 5 Lty =0 Lt 1, =

n0(7/2),(3/2), n!n,!

D21 n+n 15210
sz [(S] + 32)2 MP ]J 32 J‘RO dr r2(n1+n2+j)+4 exp[—(S +s )rz ] _lzw zw (3 / 2)n] (1 / 2)”2 (—1 / r02) ) » [(Sl + 52)2 MP ]J
H3/2),  3argde MM LT "0(5/2),(3/2), nn,! = 3/2),

16 .
XWIORO dry ™" expl—(s, +8,)r,] (3.2.22)

And

lm_Szo(W)4(Sl+sz)2W2 1Z 5 (3/2), (3/2), (~1/r2)"*"
Y 15 n0Sm0(5/2), (5/2), 0 In,!

Iee e 5/, 172, =1/ | o [(5,+5,)°MP 1 =32 (R o)
4= n n, i r |+ 2+])+6ex —(S +5 rz 3223

52"1=OZ"2=°(7/2)n,(3/2)nz n!n,! 2o ju(7/2), 37zr0"'[ Mo PL(S +5,)0] ( )
We have

32 Ro 2(ny+ny+J)+4 27 _ 16 RS 4Ny + j+3/2
3z roé _[0 dry ry exp[—(S; +8,)ny | = WJ‘O dx x exp[—(s, +5,) X]

16 1 n+n,+j+5/2

= g (n+n+J+ ;(S,+5,)RY)

3y \s +5s,

5 .

:ﬂROZ(nwnzﬂ') r(n1+n2+!+5/2) 1F1[nl+n2+j+5 n 4N, +j+ (S v )R J

3z, rin+n,+j+7/2) 2

T 2 r 2
16 Rg(n | +0,) b (n1 +n, +5/ )5j0 + GROM[é‘“ —(S] +SZ)5j0] +O(R3)} (3224)
Y LI +n,+7/2) I'n,+n,+9/2)

Similarly to the above Eq. (3.2.24), we have

16 (R
T ro

3
d 2(n +Ny+ )42 exp[ (S +5 )r ] — RZ(nl+nz){b 1—‘(nl +nz +3/2) 4R l—‘(nl +n2+5/2)
T

_ S5 - 5. 1+0(R? 3.2.25
r, T(n +n, +5/2) jo ¥ O1"(n1+n2+7/2)[ 1= (8, +5,)8;,] +O( 0)} ( )

Similarly to the above Eq. (3.2.24), we have

-32 (R ; -16b’R, T 2
3 RdrM rhﬁ‘”'*””””exp[—(sl+Sz)r,j]= 6b'R, T(n, +n,+7/2)

+ 3.2.26
3zrf o 3z T(n+n,+9/2) (R) [ )

Substituting Eq. (3.2.24) and (3.2.25) into Eq. (3.2.22), we have

jn_ 16 bﬁ{ 3D (3/2), (3/2), (=b*)"*™ I'(n,+n, +5/2)
. 37 n0Sm0(5/2) (5/2),  nInt T(n+n,+7/2)

v o (5/2),(1/2), (=p*ymn —
+12 5 (5/2),(1/2), (=b*)™™ T(n, +n,+5/2) +Eb"’ROF(SI+82)ZMP2—(SI+SZ)}
S0 &m0(7/2) (3/2), nn,l T(n+n,+7/2)| 3z 3
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(372),(3/2), (=b*)"*™ I'(n,+n,+7/2) 1 (5/2), (1/2), (=b*)"*™ T(n, +n,+7/2) ,
Z 0 Do : SO e +O(R))
n0En0(5/2), (5/2), nIn! T(n+n,+9/2) 5mSR0(7/2) (3/2), n!n,l T(n+n,+9/2)

___z Z (3/2)nl (1/2)nz (=b*)"*™ I'(n, +n, +3/2) _i
3z r, = n7—0(5/2)nl(3/2)n2 nllnzl F(nl+n2+5/2) RY2

R, E(sl +5,) MP" (s, +s2)}

(3/2), (1/2),, (b*)""™ T(n, +n,+5/2)

O(R; 3.2.27
XZ:"1=OZ":=0(5/2)W(3/2)n2 nin ! T(nan,+7/2) 000 (3.2.27)

Substituting Eq. (3.2.26) into Eq. (3.2.23), we have

i 4(S+S)Szo(MP)16 Z N (372), 3/2),, (-b)"™ T(n,+n,+7/2)
2 15 nOER0(5/2),(5/2), n!n,! T(n +n,+9/2)

5/2), /2 —p? )t
Wy 5 70( o (1/2), (=b*)"*™ T(n, +n, +7/2) +OR)) (32.28)
SN ERT(T/2), (3/2), n!n! T(n+n,+9/2)
We have
soy Y (3/2), (3/2),, (-b*)™*™ I(n, +n, +5/2) vy (3/2), T(n,+5/2)(-b*)™ (3 n .35 +Z-_b2) (3.2.29)
n0Sm0(5/2),(5/2), nIn,l T(n +n,+7/2) n(5/2), nI0(n+7/2) 270 272727

We can easily derive the following relation given by

,F(c,c,;c +1,¢c, +I,X) = F(c,sc, +1;x) = JF(c;c +1;X) (3.2.30)

1 2 1 2

Using Eq. (3.2.30), we have

. (3/2), Py [
= (3/2), T(n +5/2)(-b*) 3/21F1(n1+§;n1+1;—b2j+n‘+5/21F1[3 5 sz (3.231)
n0(5/2), nIC(+7/2) [0+l 2 2 n +1 272’

We know the integral representation of the confluent hypergeometric function given by

_ I
Fl)I(y -

and the asymptotic expansion of the confluent hypergeometric function given by

F(a;7;—-X) = j dtte ! (1-t) ™" exp(—xt) (3.2.32)

1

GRS :49;E£a£§) (3.2.33)

b2a
Using Eq. (3.2.32) and (3.2.33), we have

:_Eﬂj dtt*? exp(-b’t), F( 3 22;—tb2j+£ F (1,3;2,5;-&)
2T(2) % 2’72 2°72

3 32 3/2 ) 1 35 ) 3Nz | 3/2 ) 1 35 )
= i _ _ T 222 F(1:2:=p?)—— F|2:-Z-—p
2jodtt Xp(— bt){ F (1:2;-th”) /21F1(2 x th J}+4b3{ L (1;2:-0?) o 1(2,2, j}

F(a;a+1;-b*) =

3 Lol e 432 2 2I(5/2) 12 3/2 \/; 3 3\/;

_—5{3jodsjodtt exp[-b*t(1+5)]— m] dss jdtt exp[— bt(l+s)]} = {b_z_ﬁ

~ r(s/z) rGs/2)p, s WNr 9 adm(2 1 1 Nz o o 9x

= I 57738 I ds 2 (T T _rt S e 3 A S QRS ’hS RS (3.2.34)
2 0 (1+s) o (1+5s) 4b> 8b 8b° |3 342 32 "4’ 8b°  8b°  8b
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Similarly to the above derivation, we have

" " 5/2n 1/2,-' | 2 n+n,
s 5 (5/2), (1/2), (=b*)™*™ T(n, +n, +5/2) :15\/5;ln(1+\/§)_5x/25_ﬁ_1576f (3.2.35)
NOEn(7/2),(3/2),, nInt T(n+n,+7/2)  4b 8b" b

T 5 (3/2), (3/2),, (-b*)""™ (0, +n,+7/2) 97 632x (3.2.36)
NOEL0(5/2) (5/2), nin! T(n+n,+9/2)  8b°  32b7

Zw Zw (5/2), (112), (=)™ T'(n,+n,+7/2) 157 25V2x
n n,

= 3.2.37
2(7/2),(3/2), n!n! T(n+n,+9/2) 8h*  8b’ ( )

T oy (3/2), (172), (=b*)™*™ T'(n, +n,+3/2) G

(3.2.38)
(5/2),(3/2), ! T(n+n,+5/2) 20°
and
Ty (3/2), 172),, (=b)™™ T(N+n,+5/2) 3, oJ2r (3.2.39)
nOSnT0(5/2), (3/2),  nnt T(n+n,+7/2) " 4p* 8b° o

Substituting Eq. (3.2.34)-(3.2.39) into Eq. (3.2.27), we have

,ngil(wﬁ 971J+§b_51(15&1n(1+ﬁ)_sﬂ_1sﬂj 16 b°R [ 5+ _(HS)}[%_@\/EJ

'3z, 9 - 3z, 5| 4b° 8b°  8b° ) 3z 9 8b° 320
16 b°R 157 2527 ) 8 b*|3Jx 37
+— +8,)"MP (s, +5,) || %~ -— n(1+~/2)-——
37 5 [3( 2 G 2)}( ] {2b3 s

8b>  8b°

8b°  8b’ | 3z
8 2 — 3z 92« 2 2 4 —
—gb“R0 |:§(SI+SZ)2MP _(SIJFSZ)}(W_WJ :_E_ERO(S'HZHERO(%+SZ)2MP
3\/5 2 —
+mro(sl+sz)—ﬁro(sl+sz)2MP +0(R}) (3.2.40)

Note that each of the larger (in the absolute value) terms

5
Eb_l[”*/;l (7). 327 157

—In ———— | cancels the corresponding one of
3z r, 5\ 4b 8b 8b

___{3\/_1(1 o3 37z} g 1607 19V2r

out. Substituting Eq. (3.2.36) and (3.2.37) into Eq. (3.2.28), we have
3| 20 3719 8b° g Eq. (3.2.36) and (3.2.37) into Eq. (3.2.28),

n o 32(s, +sz)2sm(W) 6v2
"= " f(s +5,)°S,,(MP)r, +O(R?)

(3.2.41)

To calculate the outer part, we use the asymptotic expansion of the molecular incomplete gamma function, Eq. (3.2.14). Thus
we have

[(5, +5,)°MP ] - 2 1 )
I =—j dr,, exp[ (s, +5,)h Tig[2(s, +5,)MPT, ] = 321 oTz),.f dr 17 expl=(s, + 8,0 1 = [ d, —-expl=(5, +5,)r; ]

M

.
4 —2 e [(8,+8,)’MP ] =
+§(sl+sz)2MP > | dr,,

j=0 (2) (5 / 2) rl\ij eXp[—(Sl + S2)rl\i ] = %J.F:; dx X73/2 exp[_(sl + SZ)X]
j i

—_—2 -1/2
2 =2 (S +52)2MP I i-1/2 1 1 1 5
+§(Sl + SZ) MP ZJZOWJ‘Rg dx x exp[—(S] +52)X] —E I —E,(Sl +52)R0

S, +S,
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j+12
L2 (S VY [(s, +5,)"MP ]’ ( 1 j F(j+%,(sl+sz)R§j:3LR—§\/;(SI+Sz)+§(sl+sz)R0+O(R3)

(2);(5/2); s +s,
+§\/E(s1 +5,)°MP,F, (1,%;2,%;@1 +52)W2J %(s] +5,)"MP'R, +O(R}) (3.2.42)
and

Iout 8 SZO(

_ 85, (MP) i VB 1. 8Su(MP) (s +5)°MP o [(5,+5)°MP ] o, :
= 3 MP J. dr eXp[ (51'|'Sz)r|\/|]|z[2(51—|'52)|V|Pr,\/|]=_5 2:\/TP2 = ZJ:() j!(7/2)j J' dr,, 121 exp[—(s, +5,)r ]

[(5,+5,)'MP /(=

o2 . " dx X172 exp[—(s, +$,)X]
: i

16 —
_E(Sl + 52)2 Szo(MP)Z j=0

_ 16 2 [ s'MPTY (1 YT i
= (s+s)SZO(MP)Z 12, [SIHZJ F(]+2,(SI+SZ)R0]

3/2 = [(s,+5 )MP I 1 2)_ 16 3/2 B 1.7, Yo h
(S +5,)"7S,, (MP) 3" | —11(7/2)j [J+2’(SI+SZ)ROJ = 45\/;(31+52) S5 (MP) 1F1(2729(SI+SZ)MP ]

Jr%(sl +5,)2S,,(MP)R, +O(R?) (3.2.43)

Adding Eq. (3.2.42) to Eq. (3.2.40), we have

=11 :—gx/;(sl+52)+§\/;(51+52)3/2W22F2 (1% % (s, +5,)MP j
;/“gr (s,+5,)— \/;ro(sl+52)2W2+O(Rg) (3.2.44)
Note that the largest term as I cancels that as 2 in I" out. Adding Eq. (3.2.43) to Eq. (3.2.41), we have
0 0
= 13 1 =2 45725, (MF) JF G;gxsl +s2)Wj 5f_<s +5,)"85(MP)T, +O(RY) (3:2.43)

Substituting Eq. (3.2.44) and (3.2.45) into Eq. (3.2.9), we have

LG 0 _ 9 -ty A=ty A
l, = r(1+gA)r(1+gB)I 5[, ds,(s;8) exp[-s,MA" —s,MB ]H jjdt - jdt o }e p[ 451th

2s, 4s,t,

{[QJI ¢ ff o S }exp(— gB2){—%ﬁ(sﬁsz)%&(sl+s2)”WZF2[L%;2,§;(s1+52)Wj

16 = p— 17 ——\ 32 2 —— 62 -

——AI7(s +5,)"?S, (MP) F | —;=;(s, +5,)MP =1 (S +S,)———=T1, (S, +5,)’MP +—= s, (MP O(R}) (3.2.46

45 (8, +58,)""S,(MP) 1[2 > (5, +5,) j 2\/; (S, +58,)— \/; (S +5;) +5\/;(31+Sz) 20 (MP) Ty 0 +0( 0)[ )

Note that all main terms come from the outer part, as seenin Eq. (3.2.42) and (3.2.43). Let us change the variablesas z =5, +5,
9(s;,5,)

and wW=s,/(S, +5,). The Jacobian is =z.Thus Eq. (3.2.46) can be rewritten as

o(z,w)

é»l-hsA §1+FB

. —mj dwj dz 2[w(l - w)z] > exp[-wzMA —(1-w)zMB']
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¢ =6 a-t)™ __a ¢e f A=6)" (1-t)® Ce
X|:£2WZ]'[ 1 .[14+gA jd 2+g :|exp( 4WZt12]|:[2(1_W)ij 2 4+£ jdt 2+g :|Xp( 4(1—W)Zt22)

-2 2 1.5 17 3f 2 2
{?\/;z”z+§x/;z3’2x“Fz(l,z 22 j 18 frrny,, (2 zxj N \Fz X[+ =27y, T, }+O(R§) (3.2.47)

sy

We separate the integral over z as follows:
o a’ o
_[0 dz = IO dZ+LZ dz (3.2.48)

Where a? can be chosen arbitrarily. We choose as a? =4, here. Next, we change the integral variable as follows: In the first term
in Eq. (3.2.48), we do as z = a’u. We do as z = a*/u in the last term in Eq. (3.2.48). Thus we have

I:dz :azj';dUJra\z.[:oduui2 (3.2.49)

Substituting Eq. (3.2.49) into Eq. (3.2.47), we have the final formula of the three-center molecular integral over Dirac wave
functions of the target quantity for the GCDD model as given by
2
I dw[w(l — w)]’”j duexp[-wua’MA’ — (1—w)ua>MB ]K <a jj dt, (lt :2 J dt, (lt o :|exp( §A2 zj

1+sAé/1+zB

2T+ )01+ &,) 70

2 (-t 1-t, 2 2 Iz L2 5 a 17
><|:[ CB ZJJ‘odtz ( t 4+282 _[ dt (t2+sz :|exp( 43 2 2]{ 3/2 ‘/— 1/2 2 ( ,2,2,2,ua XO]__‘/— {2 lFl( ; ,ua X ]
2

2(1-w)ua 4(1-wyua't, 3 au

2wua’ 4wua“t,

j dwlw(1—w)] " [* duexp[——a [N vioe

l+ep ~l+eg
3f L iazxor0 +ﬂa2yo r, aCo
EEN TR sz " T+ e+ 55) 0
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The error term is in the order of R} =(7r,). Note that Eq. (3.2.50) is almost the same as Eq. (3.1.42). These terms contained
r,in Eq. (3.2.50) (in other words, terms in the order of r) are different from those r, in Eq. (3.1.42) (terms in the order of r, ). For
the hydrogen atom, r;=0.216939446(-4) and r,, = (0.343011382(-4), which are small quantities. All main terms of Eq. (3.2.50)
are the same as those in Eq. (3.1.42). As pointed out in the succeeding sentence after Eq. (3.2.14), for the outer part, each scalar
potential of both models coincides with each other, and also each vector potential does. Also as pointed out in Eq. (3.1.38) and
Eq. (3.2.46), all main terms come from the outer part. At the outer part, the value of the target quantity for the HCDD model
coincides with that for the GCDD model, because of the coincidence of potentials. Therefore all main terms of the HCDD model
are the same as those of the GCDD model. In Eq. (3.2.50), integrals over w, u, t, and t, can be performed numerically using the
64-point Gauss-Legendre quadrature in the good precision of 8 significant figures. With a similar derivation to that for I , we
obtain I by replacing y, with [-Y, +«/§y2]/2 in the above Eq. (3.2.50) and L, by doing y, with [-Y, —x/gyz]/Z . With a similar
derivation to that for I ,we have

T I‘dw[w(1—w)]’3/2j':du exp[-wua’MA’ —(l—w)uazl\/le]H Ca Jj : g A j' ar, A= :|exp( ¥ j

YU TA+ )01 +£5) 0 2wua’ £, t24en 4wua’t?

o [ f 4-t)® a-ty ] (G N8 oAy, (170 ) 92 .y,
H%l—w)uazj-[ t, % Jdt t,>% :|e p( 4(1—w)ua2t22]{ =5 1/2\/‘1':( Uaxj 5\/»3. \/_r}

§1+8A§1+EB -3/2 W _, 2 1-w_, 2
w[w(l—w du —-——a"MA ———a“MB
Fd+e)I'(1+¢&, )I wIw( )] I expl u u |
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ug e (-t o A=ty | (g ugs (1-t,)" -t | (g
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ay, 1.7 a 9«/_a Y,
X{__\/_ 3/2\/’11 1(2 2’ j 5\/— \/’r}"'O(R) (3.2.51)

We obtain [ by replacingy , with y, in the above Eq. (3.2.51) and I, by doing y , with y .. Of course, 1 . =1,,.

Table 1 shows new values (which are never published) for the three-center molecular integral over Dirac wave functions for

12
Z:e'h 2-¢,)Z; . o
both the HCDD and the GCDD models, which are expressed as —“-—N,Nl, where N, = 2-8)2, is the normalization
c? 7 7L (3-2¢&,)
Table 1: Example values for the three-center molecular integral over Dirac wave function for both the HCDD and the GCDD models; y NNl .
Atom at M Atoms at A and B & HCDD model* GCDD model®
H(Z,=1) H(,=,=1) XX -0.2273368(-5) -0.2273373(-5)
YY -0.1745919(-5) -0.1745922(-5)
77 -0.1447661(-5) -0.1447664(-5)
XY 0.0 0.0
YZ 0.0 0.0
ZX 0.1167725(-5) 0.1167728(-5)
C(Z,=6) 77 -0.5211580(-4) -0.5211591(-4)
Sn(Z, = 50) 77 -0.3619153(-2) -0.3619161(-2)
Hg(Z, = 80) A -0.9265031(-2) -0.9265052(-2)
C(z,=6) €(g,=1,=6) XX -0.5814495(-10) -0.5814054(-10)
YY 0.7153494(-9) 0.7153571(-9)
77 0.4495310(-9) 0.4495373(-9)
XY 0.0 0.0
YZ 0.0 0.0
7X 0.7179622(-9) 0.7179649(-9)
Sn(Z, = 50) 77 0.3121743(-7) 0.3121763(-7)
Hg(Z, = 80) 77 0.7991664(-7) 0.7991776(-7)
a) Eq. (3.1.42) and (3.1.43)
b) Eq. (3.2.50) and (3.2.51)

constant of the Dirac wave function at Aand &,7 € (X, Y,2). The three centers are denoted by M =(0,0,0), A=(—/8/3,-~/8/3,2/3),

and, B = (—J§/3,M,2/3) . Such is for the methane molecule with the C-H bond length is 2 bohr; i.e,, the carbon atom is at M
and two hydrogen atoms at A and B. In each example integrals, the target quantity is at M and the Dirac wave functions are at A
and B. As seen in Table 1, each value of the HCDD model is very near to the corresponding one of the GCDD model, because the
main term of the HCDD model is the same as that of the GCDD model as pointed out in Eqg. (3.2.50).

Conclusion

The Gaussian-transform formula for the Dirac wave function is derived. Using this formula, one can derive the multicenter
molecular integral over Dirac wave functions for any physical quantity. The present formula is useful, especially for the relativistic
calculations of the NMR spectra, where those using the Dirac wave function as the basis function have been never reported
yet. As the first application of the present formula, the three-center molecular integral is derived for the target quantity with
two finite nucleus models (HCDD and GCDD), which is necessary for solving the molecular matrix Dirac equation using the
restricted magnetic balance. The integral value of the HCDD model is very near to that of the GCDD model. The next application
is the multicenter molecular integrals for all of the physical quantities appearing in the matrix Dirac equation, Eq. (1.5). For the
molecule, of course, the scalar potential in the Hamiltonian includes not only one electron term but also two electron terms. Such
a project is in progress.
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