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Abstract
Gaussian-transform formula is derived for the Dirac wave function. Using it, one can derive the multicenter molecular integral over Dirac wave functions 

for any physical quantity. As the ϐirst application of it, multicenter molecular integrals over Dirac wave functions are derived for the homogeneous charge 
density distribution model and the Gauss-type charge density distribution model. Such integrals are necessary for solving the gauge-invariant molecular 
matrix Dirac equation with using the restricted magnetic balance.
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1. Introduction

The real hydrogen atom has the vector potential of the magnetic ϐield due to the nuclear spin because it has its nuclear spin. 
Sun, et al. [1] showed the gauge invariant Hamiltonian of the Dirac equation of the hydrogen atom must include the vector 
potential due to the nuclear spin. Generally speaking, the fundamental equation of physics must be gauge invariant. The gauge 
invariant Dirac equation, because it has the vector potential due to the nuclear spin, does not have a rigorous solution. The gauge 
invariant Dirac equation is given by
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Where me is the electron rest mass, c is the speed of light, V is the scalar potential,   is the Pauli spin matrices,   
 p i  is the 

momentum, and 

A  is the vector potential due to the nuclear spin, ΨL is the large component spinor, ΨS is the small component 

spinor, and E0 is the energy. We subtract the rest-mass energy mec
2 from E0 to align the energy scale to that of the Schrödinger 

equation. So Eq. (1.1) can be modiϐied to
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To solve this Dirac equation, Eq. (1.2), we may use a suitable basis set, {χv}. The large component spinor can be expressed as 
a linear combination in terms of these basis functions as given by

L LCi i                       (1.3)

However, the small component spinor is in the variational collapse until using the restricted magnetic balance (RMB) [2] as 
given by

( )    
 S SC Ai i p                   (1.4)

Recently, Yoshizawa [3] derived the matrix Dirac equation with using the RMB as given by
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where 
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and
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The above gauge-invariant Dirac equation may have the vector potential of the external magnetic ϐield in addition to that 
due to the nuclear spin. We use the atomic units throughout the present article 0( 1,  1,  1,  4 1, 137.035999139)em e c    
. However, we describe , ,   em e  explicitly for the reader's convenience when one converts the units to natural units. When one 
extends the matrix Dirac equation to the molecule, it is natural to use the Dirac wave function as the basis function for solving it. 
However, there is no molecular integral formula for that purpose. The author will derive all of the necessary molecular integrals 
over Dirac wave functions as the target shortly. As the ϐirst step, we select a physical quantity as follows: There is the physical 
quantity ( ) ( )   

    
A Ap V p  in the Hamiltonian of the above matrix Dirac equation. Using the Dirac identity, we have 
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In the second term, we have the physical quantity ( )    
   
A Ai p V Vp  which is the target in the present article. The one-

center integral of the target quantity is divergent for the point charge nucleus [4]. Theoretical chemists use the ϐinite nucleus 
models [5] instead of the point charge one. Some experiment shows that the real nucleus is not the point charge one but the 
ϐinite one [5]. The experimental radius (the root-mean-square radius) of the ϐinite nucleus is given by [5].

1/30.836 0.570 ( 0.05)RMS A fm                   (1.11)

where A is the atomic mass number (for example, A = 13 for 13C an atom). We use the homogeneous charge density distribution 
(HCDD) model [5] and the Gauss-type charge density distribution (GCDD) model [5] here. Especially the GCDD model is used 
in several calculations using the ϐinite nucleus model [6-8]. In a previous article [9], it is shown that the Gaussian-type-orbital 
(GTO) is not suitable for the calculation of the target quantity and the point charge nucleus is also not suitable as the theoretical 
model. In the next section, the Gaussian-transform formula of the Dirac wave function can be derived for the calculation of the 
multicenter molecular-integral over Dirac wave functions. As the ϐirst application of the formula, the multicenter molecular 
integral over Dirac wave functions for the target quantity can be derived in the third section for the HCDD model and for the 
GCDD model.
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2. Gaussian-transform formula for the Dirac wave function

Shavitt and Karplus [10] derived the Gaussian-transform formula for the 1s Slater-type orbital (STO) as given by
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Ishida [11] extends it to the integer n STO as given by
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We extend it to the non-integer n STO as follows: For a non-integer nA* with nA - 1 < nA * < nA (nA = 1 for the Dirac wave 
function), we have
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There is the identity given by [12]
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Using Eqs. (2.3) and (2.4), we have
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Using Eq. (2.2) for Eq. (2.5), we have the ϐinal formula for the non-integer n STO given by
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For the Dirac wave function (in the case of nA = 1), we have
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where 21 1 ( )ZA A     in which α = 1/137.035999139 is the ϐine structure constant and ζA = ZA in which ZAe is the 

nuclear charge. In the above derivation, Eq. (2.1) is taken from the reference. Equation (2.2) is the author’s previous work. 
Equation (2.3) is derived by the author. Equation (2.4) is taken from the reference. Equations (2.5)-(2.7) are derived by the 
author. Note that the Dirac wave function is divergent at r = 0. Therefore, it is impossible to mimic it in terms of not only GTOs 
but also integer n STOs. For the molecular integral over the non-integer n STOs, several researchers developed it, for example, 
see [13-16]. However, their non-integer n STO does not include the Dirac wave function. The present Gaussian-transform, Eq. 
(2.7), is only one formula to treat the multicenter molecular integral over Dirac wave functions.

3. Application of the present Gaussian-transform formula

3.1 Three-center molecular integral over Dirac wave functions for the target quantity with the HCDD model

For the HCDD model, the distribution function of the nuclear charge is given by

ρ(r) = ρ0Θ(rH - r)                  (3.1.1)

where 0 3

3
4 H
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r
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  and Θ (rH - r) is the Heaviside step function given by
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in which rH is the radius of the ϐinite nucleus of the HCDD model. The value of rH is given by 5 / 3Hr RMS  [5], where RMS 
is the root-mean-square radius of the ϐinite nucleus. The scalar potential is given by
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The vector potential is given by
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where ( , , )x y z   


 is the nuclear magnetic moment. Note that each potential is the same as the corresponding one for the 

point charge nucleus in the outer part, r > rH . The target quantity is given by
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and
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The matrix element of the target quantity over Dirac wave functions are given by
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where exp( )A
A A A Ar r    and three-center molecular integral is given by, in outI I I    , in which
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First, let us evaluate in
zzI . To evaluate the integral, we use the Gaussian-transform formula, Eq. (2.7), and have
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where ( )i z  is the modiϐied spherical Bessel function of the ϐirst kind [18]. The (0,0,0)M 
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 denotes the origin of the 
molecular integral. We again use the Gaussian product rule as given by
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Using these equations, we have

1 1
2 23/2

1 2 1 2 1 20 0
( ) exp[ ]

(1 ) (1 )

A B
in A B
zz

A B

I ds ds s s s MA s MB
  
 

 
    

     
2 21 11 1

1 14 2 20 0
1 1 1 1 1

(1 ) (1 ) exp
2 4

A A

A A

A At tdt dt
s t t s t

 

 

 
 

     
     

    
 

2 21 12 2
2 2 1 24 2 20 0

2 2 22 2

(1 ) (1 ) exp  [ ]
2 4

B B

B B

in inB Bt tdt dt I I
s s tt t

 

 

 
 

     
       
     

          (3.1.15)

Where
2

2 2
1 1 2 1 24 60

53 ˆ ˆ ˆexp[ ( ) ] [2( ) ] ( ) ( )*
3

Hrin m mM
M M M M Mm

H H

rI dr r s s r i s s MPr Y MP drY r
r r 

 
      

 
  


       (3.1.16)

And

2 2
2 1 2 1 2 206 0

2 ˆ ˆ ˆexp[ ( ) ] [2( ) ] ( ) ( )* ( )
3

Hrin m m
M M M M M Mm

H

I dr r s s r i s s MPr Y MP drY r S r
r 


     


   



 
   (3.1.17)

For the angular part, we know the relations [11] given by
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(3.1.18)

And
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Using Eq. (3.1.18) for Eq. (3.1.16), we have
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Using Eq. (3.1.19) for Eq. (3.1.17), we have
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Using the Taylor series of the modiϐied spherical Bessel function of the ϐirst kind given by [18]
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           (3.1.22)

(where ( 1) ( 1)ja a a a j      is the Pochhammer symbol), we have
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We know the following relation [18] given by
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 (3.1.24)

Using Eq. (3.1.24) for (3.1.23), we have
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Also using Eq. (3.1.24), we have
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where ( ; )x   is the incomplete gamma function of the ϐirst kind [18] and 1 1( ; ; )F x   is the conϐluent hypergeometric 

function [18]. Next, let us evaluate out
zzI . Similarly to in

zzI  of Eq. (3.1.15), we have
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Where
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And
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 (3.1.29)

Using Eq. (3.1.18) and (3.1.19) for the angular part, we have
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Using the Taylor series of the modiϐied spherical Bessel function, Eq. (3.1.22), we have
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We can easily derive the following relation given by
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Using Eq. (3.1.33) for (3.1.32), we have
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Also using Eq. (3.1.33), we have
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where ( ; )x  is the incomplete gamma function of the second kind [18]. With Eq. (3.1.25) and Eq. (3.1.34), we have
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Note that the largest term as 2
3 Hr

 in Eq. (3.1.34) cancels that as 2
3 Hr

  in Eq. (3.1.25) out. With Eq. (3.1.26) and (3.1.35), we 
have
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(3.1.37)

Using Eq. (3.1.36) and (3.1.37) for Eq. (3.1.15) and (3.1.26), we have
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(3.1.38)

Note that all main terms come from the outer part, as seen in Eq. (3.1.34), (3.1.35), (3.1.36), and (3.1.37). Let us change the 

variables as 21 ssz   and )/( 211 sssw  . The Jacobian is 1 2( , )
( , )
s s z
z w





. Thus Eq. (3.1.38) can be rewritten as
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 is the mixed solid 

harmonics deϐined by Ishida [19]. We separate the integral over z as follows:
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Where a2 can be chosen arbitrarily. We choose as a2 = 4, here. Next, we change the integral variable as follows: In the ϐirst term 
in Eq. (3.1.40), we do as 2z a u . We do as 2 /z a u  in the last term in Eq. (3.1.40). Thus we have
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u


                (3.1.41)

Substituting Eq. (3.1.41) into Eq. (3.1.39), we have the ϐinal formula of the three-center molecular integral over Dirac wave 
functions for the HCDD model, which is given by
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The error term is in the order of 3
Hr . In Eq. (3.1.42), integrals over w, u, t1, and t2 can be performed numerically with using 

the 64-point Gauss-Legendre quadrature in the good precision of the 8 signiϐicant ϐigures. With a similar derivation to that for 
Izz, we obtain Ixx by replacing y0 with 0 2[ 3 ] / 2y y   in the above Eq. (3.1.42) and Iyy by doing y0 with 0 2[ 3 ] / 2y y  . Also with 
a similar derivation to that for Izz, we have
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We obtain Iyz by replacing y-2 with y1 in the above Eq. (3.1.41) and Izx by doing y-2 with y-1. Of course, I I  .

3.2 Three-center molecular integral over Dirac wave functions for the target quantity with the GCDD model

For the GCDD model, the distribution function of the nuclear charge is given by
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             (3.2.1)

The value of the parameter r0 is given by 0 2 / 3r RMS  [5]. The scalar potential of the GCDD model is given by
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                (3.2.2)

Where Fm(Z) is the molecular incomplete gamma function given by
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0
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mF z dt t zt                 (3.2.3)

The vector potential due to the nuclear spin of this model is given by

2

12 23
00

4Ze rA F r
c rr




 
  

 

  
               (3.2.4)

The target quantity can be written as
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where
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The three-center molecular integral over Dirac wave functions for the target quantity is given by
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              (3.2.7)

First, we evaluate Izz which is given by
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Using the Gaussian transform for the Dirac wave function and Eq. (3.1.12)-(3.1.14), we have
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Where
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and
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For the angular part, using Eq. (3.1.18) and (3.1.19), we have
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We separate the inner and outer part of the ϐinite nucleus of the GCDD model as follows: We use the asymptotic expansion of 
the molecular incomplete gamma function given by
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           (3.2.14)

We know that F0(z) becomes its asymptotic value for z > 36 in the 15 signiϐicant precision and F1(z) does for z > 40 [20]. We 

choose r > R0 =br0 the outer part and b = 7(b2 = 49). . For r > R0, the value of 
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 , which is also equal to the outer part of that of the HCDD model as seen 

in Eq. (3.1.3), and the value of 
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, which is also equal to the outer part of that of the HCDD model as seen in Eq. (3.1.4). Thus, for the outer 

part, each scalar potential of both models coincides each other and also each vector potential does. Because we separate the 
inner and outer parts, we have
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To calculate the inner part, we use the power series of the molecular incomplete gamma function as given by
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Thus we have
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We have
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Similarly to the above Eq. (3.2.24), we have
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n n
j j j

n n n nbR b R s s
r n n n n

  


       
         

3
0( )O R   (3.2.25)

Similarly to the above Eq. (3.2.24), we have

0
1 22( ) 6 2

1 26 0
0

32 exp[ ( ) ]
3

R n n j
M M Mdr r s s r

r
  

 
7

30 1 2
0

1 2

16 ( 7 / 2) ( )
3 ( 9 / 2)
b R n n O R

n n
   

 
  

      (3.2.26)

Substituting Eq. (3.2.24) and (3.2.25) into Eq. (3.2.22), we have

1 2
1 2

1 2
1 2

5 2
1 2

1 0 0
0 1 2 1 2

(3 / 2) (3 / 2) ( 5 / 2)16 1 ( )
3 9 (5 / 2) (5 / 2) ! ! ( 7 / 2)

n n
n nin

n n
n n

n nb bI
r n n n n


 

 

   
  

 

1 2
1 2

1 2
1 2

2 26 21 2
0 1 2 1 20 0

1 2 1 2

(5 / 2) (1 / 2) ( 5 / 2)1 ( ) 16 2 ( ) ( )
5 (7 / 2) (3 / 2) ! ! ( 7 / 2) 3 3


 

 

               
 

n n
n n

n n
n n

n nb b R s s MP s s
n n n n
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1 2
1 2

1 2
1 2

2
1 2

0 0
1 2 1 2

(3 / 2) (3 / 2) ( 7 / 2)1 ( )
9 (5 / 2) (5 / 2) ! ! ( 9 / 2)

n n
n n

n n
n n

n nb
n n n n


 

 

   
  

 
1 2

1 2

1 2
1 2

2
31 2
00 0

1 2 1 2

(5 / 2) (1/ 2) ( 7 / 2)1 ( ) ( )
5 (7 / 2) (3 / 2) ! ! ( 9 / 2)

n n
n n

n n
n n

n nb O R
n n n n


 

 

    
   

 

1 2
1 2

1 2
1 2

3 2
1 2

0 0
0 1 2 1 2

(3 / 2) (1/ 2) ( 3 / 2)8 ( )
3 (5 / 2) (3 / 2) ! ! ( 5 / 2)

n n
n n

n n
n n

n nb b
r n n n n


 

 

  


   
24 2

0 1 2 1 2
8 2 ( ) ( )

3 3
b R s s MP s s


      

1 2
1 2

1 2
1 2

2
31 2
00 0

1 2 1 2

(3 / 2) (1/ 2) ( 5 / 2)( ) ( )
(5 / 2) (3 / 2) ! ! ( 7 / 2)

n n
n n

n n
n n

n nb O R
n n n n


 

 

  
 

            (3.2.27)

Substituting Eq. (3.2.26) into Eq. (3.2.23), we have

1 2
1 2

1 2
1 2

2 2
21 2 20 1 2

2 0 0 0
1 2 1 2

(3 / 2) (3 / 2)4( ) ( ) ( 7 / 2)16 1 ( )
15 3 9 (5 / 2) (5 / 2) ! ! ( 9 / 2)

n n
n nin

n n
n n

s s S MP n nbI b R
n n n n


 

 

        
 



1 2
1 2

1 2
1 2

2
31 2
00 0

1 2 1 2

(5 / 2) (1/ 2) ( 7 / 2)1 ( ) ( )
5 (7 / 2) (3 / 2) ! ! ( 9 / 2)

n n
n n

n n
n n

n nb O R
n n n n


 

 

    
   

         (3.2.28)

We have

1 2
1 2

1 2
1 2

2
1 2

0 0
1 2 1 2

(3 / 2) (3 / 2) ( 5 / 2)( )
(5 / 2) (5 / 2) ! ! ( 7 / 2)

n n
n n

n n
n n

n nbS
n n n n


 

 

  


   
1

1

1
1

2
21

2 2 1 10
1 1

(3 / 2) ( 5 / 2)( ) 3 5 5 7, ; , ;
(5 / 2) ! ( 7 / 2) 2 2 2 2

n
n

n
n

n b F n n b
n n





           
     (3.2.29)

We can easily derive the following relation given by

1 2
2 2 1 2 1 2 1 1 2 2 1 1 1 1

1 2 1 2

( , ; 1, 1; ) ( ; 1; ) ( ; 1; )c cF c c c c x F c c x F c c x
c c c c

     
 

       (3.2.30)

Using Eq. (3.2.30), we have

1
1

1
1

2
21

1 1 1 10
1 1 1

(3 / 2) ( 5 / 2)( ) 3 / 2 5 7; ;
(5 / 2) ! ( 7 / 2) 1 2 2

n
n

n
n

n bS F n n b
n n n





              
 21

1 1
1

5 / 2 3 5; ;
1 2 2

n F b
n

       
    (3.2.31)

We know the integral representation of the conϐluent hypergeometric function given by

1 1 1
1 1 0

( )( ; ; ) (1 ) exp( )
( ) ( )

F x dt t t xt   
  

  
   

             (3.2.32)

and the asymptotic expansion of the conϐluent hypergeometric function given by

2 2
1 1 2

( 1) 1 5( ; 1; ) ( 49; )
2 2

F b b
b 

   
                (3.2.33)

Using Eq. (3.2.32) and (3.2.33), we have

1 3/2 2 2 2
2 2 2 230

3 (1) 3 5 3 3 5exp( ) 1, ;2, ; 1, ;2, ;
2 (2) 2 2 2 24

S dt t b t F tb F b
b
                

 1 3/2 2 2 2
1 1 1 10

3 3 / 2 1 3 5exp( ) 1;2; ; ;
2 1/ 2 1/ 2 2 2

dt t b t F tb F tb
         

 
  















  2

11
2

113 ;
2
5;

2
3

2/1
1;2;1

2/1
2/3

4
3 bFbF

b


1 1 1 13/2 2 1/2 3/2 2

0 0 0 0

3 2 (5 / 2)3 exp[ (1 )] exp[ (1 )]
2 (3 / 2)

ds dt t b t s ds s dt t b t s
         

  
    3 2 3

3 3 3
4 2b b b
    
 

1/21 1

5 5/2 5 5/2 5 60 0

3 (5 / 2) 1 (5 / 2) 9 93 3
2 (1 ) (1 ) 4 8

sds ds
b s b s b b

        
  

  5 5 6

27 2 1 1 9 9
38 4 83 2 3 2b b b

   
      

 
5 6

9 2 9
8 8b b

 
    (3.2.34)
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Similarly to the above derivation, we have
1 2

1 2

1 2
1 2

2
1 2

0 0
1 2 1 2

(5 / 2) (1/ 2) ( 5 / 2)( )
(7 / 2) (3 / 2) ! ! ( 7 / 2)

n n
n n

n n
n n

n nb
n n n n


 

 

  
    5 5 6

15 5 2 15ln(1 2)
4 8 8b b b

  
           (3.2.35)

1 2
1 2

1 2
1 2

2
1 2

0 0
1 2 1 2

(3 / 2) (3 / 2) ( 7 / 2)( )
(5 / 2) (5 / 2) ! ! ( 9 / 2)

n n
n n

n n
n n

n nb
n n n n


 

 

  
    6 7

9 63 2
8 32b b
 

 
                         

  (3.2.36)

1 2
1 2

1 2
1 2

2
1 2

0 0
1 2 1 2

(5 / 2) (1/ 2) ( 7 / 2)( )
(7 / 2) (3 / 2) ! ! ( 9 / 2)

n n
n n

n n
n n

n nb
n n n n


 

 

  
    6 7

15 25 2
8 8b b
 

          (3.2.37)

1 2
1 2

1 2
1 2

2
1 2

0 0
1 2 1 2

(3 / 2) (1/ 2) ( 3 / 2)( )
(5 / 2) (3 / 2) ! ! ( 5 / 2)

n n
n n

n n
n n

n nb
n n n n


 

 

  
    3 4

3 3ln(1 2)
2 4b b
 

          (3.2.38)

and
1 2

1 2

1 2
1 2

2
1 2

0 0
1 2 1 2

(3 / 2) (1/ 2) ( 5 / 2)( )
(5 / 2) (3 / 2) ! ! ( 7 / 2)

n n
n n

n n
n n

n nb
n n n n


 

 

  
    4 5

3 9 2
4 8b b
 

          (3.2.39)

Substituting Eq. (3.2.34)-(3.2.39) into Eq. (3.2.27), we have

5 5

1 5 6 5 5 6
0 0

16 1 9 2 9 16 1 15 5 2 15ln(1 2)
3 9 3 58 8 4 8 8

in b bI
r rb b b b b

    
 

   
           

   

6
220

1 2 1 2 6 7

16 2 9 63 2( ) ( )
3 9 3 8 32

b R
s s MP s s

b b
 


           

6
220

1 2 1 2 6 7

16 2 15 25 2( ) ( )
3 5 3 8 8

b R
s s MP s s

b b
 


           

3

3 4
0

8 3 3ln(1 2)
3 2 4

b
r b b

 


 
   



24 2
0 1 2 1 2 4 5

8 2 3 9 2( ) ( )
3 3 4 8

b R s s MP s s
b b
 


            

22
0 1 2 0 1 2

0

2 2 4( ) ( )
3 3 9

R s s R s s MP
R

     

22 3
0 1 2 0 1 2 0

3 2 2( ) ( ) ( )
2

r s s r s s MP O R
 

    
                        

 (3.2.40)

Note that each of the larger (in the absolute value) terms 

5

5 5 6
0

16 1 15 5 2 15ln(1 2)
3 5 4 8 8

b
r b b b

  


 
    

 
 cancels the corresponding one of 

3

3 4
0

8 3 3ln(1 2)
3 2 4

b
r b b

 


 
   

   
and  

5

5
0

16 1 9 2
3 9 8

b
r b




 out. Substituting Eq. (3.2.36) and (3.2.37) into Eq. (3.2.28), we have

2
2 31 2 20

2 0 1 2 20 0 0
32( ) ( ) 6 2 ( ) ( ) ( )

45 5
in s s S MP

I R s s S MP r O R



    

 
        (3.2.41)

To calculate the outer part, we use the asymptotic expansion of the molecular incomplete gamma function, Eq. (3.2.14). Thus 
we have

0

2
1 1 2 0 1 22

2 1 exp[ ( ) ] [2( ) ]
3

out
M M MR

M

I dr s s r i s s MP r
r


   

0

22
2 2 21 2

1 20

[( ) ]2 exp[ ( ) ]
3 !(3 / 2)

j
j

M M Mj R
j

s s MP dr r s s r
j

 



   

0

2
1 22

2 1 exp[ ( ) ]
3 M MR

M

dr s s r
r


  

0

2222 2 21 2
1 2 1 20

[( ) ]4 ( ) exp[ ( ) ]
9 (2) (5 / 2)

j
j

M M Mj R
j j

s s MPs s MP dr r s s r





     2

0

3/2
1 2

1 exp[ ( ) ]
3 R

dx x s s x
   

2
0

2222 1/21 2
1 2 1 20

[( ) ]2 ( ) exp[ ( ) ]
9 (2) (5 / 2)

j
j

j R
j j

s s MPs s MP dx x s s x
 




    

1/2
2

1 2 0
1 2

1 1 1 , ( )
3 2

s s R
s s


            
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2 1/2222 21 2
1 2 1 2 00

1 2

[( ) ]2 1 1( ) , ( )
9 (2) (5 / 2) 2

jj

j
j j

s s MPs s MP j s s R
s s






             
 3

1 2 1 2 0 0
0

2 2 2( ) ( ) ( )
3 3 3

s s s s R O R
R

     

2 23/2
1 2 2 2 1 2

2 1 5( ) 1, ;2, ; ( )
9 2 2

s s MP F s s MP     
 

22 3
1 2 0 0

4 ( ) ( )
9

s s MP R O R          (3.2.42)

and

0

220
2 1 2 2 1 22 2

( )8 1 exp[ ( ) ] [2( ) ]
3

out
M M MR

M

S MP
I dr s s r i s s MP r

rMP


   



0

2 22 2
2 220 1 2 1 2

1 22 0
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3 15 !(7 / 2)

j
j

M M Mj R
j
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



 
    



2
0

22
2 1/21 2
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45 !(7 / 2)

j
j

j R
j
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j

 
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
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j
j

s s MPs s S MP j s s R
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




              




2
3/2 21 2

1 2 20 1 2 00

[( ) ]16 1( ) ( )  , ( )
45 !(7 / 2) 2

j

j
j

s s MPs s S MP j s s R
j





        
 


 23/2

1 2 20 1 1 1 2
16 1 7( ) ( ) ; ; ( )
45 2 2

s s S MP F s s MP      
 



2 3
1 2 20 0 0

32 ( ) ( ) ( )
45

s s S MP R O R  


           (3.2.43)

Adding Eq. (3.2.42) to Eq. (3.2.40), we have

1 1 1
in outI I I 

2 23/2
1 2 1 2 2 2 1 2

2 2 1 5( ) ( ) 1, ;2, ; ( )
3 9 2 2

s s s s MP F s s MP         
 

22 3
0 1 2 0 1 2 0

3 2 2( ) ( ) ( )
2

r s s r s s MP O R
 

               (3.2.44)

Note that the largest term as 
0

2
3R

 in 1
outI  cancels that as 

0

2
3R
  in in

iI  out. Adding Eq. (3.2.43) to Eq. (3.2.41), we have

2 2 2
in outI I I   

23/2
1 2 20 1 1 1 2

16 1 7( ) ( ) ; ; ( )
45 2 2

s s S MP F s s MP      
 


2 3

1 2 20 0 0
6 2 ( ) ( ) ( )
5

s s S MP r O R


  


  
(3.2.45)

Substituting Eq. (3.2.44) and (3.2.45) into Eq. (3.2.9), we have

1 1 2 21 12 23/2 1 1
1 2 1 2 1 2 1 14 2 20 0 0 0

1 1 1 1 1
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(1 ) (1 ) 2 4

A B A A
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Note that all main terms come from the outer part, as seen in Eq. (3.2.42) and (3.2.43). Let us change the variables as 1 2z s s   

and 1 1 2/ ( )w s s s  . The Jacobian is 1 2( , )
( , )
s s z
z w





. Thus Eq. (3.2.46) can be rewritten as
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  (3.2.47)

We separate the integral over z as follows:
2

20 0

a

a
dz dz dz

 
                 (3.2.48)

Where a2 can be chosen arbitrarily. We choose as a2 = 4, here. Next, we change the integral variable as follows: In the ϐirst term 
in Eq. (3.2.48), we do as z = a2u. We do as z = a2/u in the last term in Eq. (3.2.48). Thus we have

12 2
20 0 1

1dz a du a du
u

 
                (3.2.49)

Substituting Eq. (3.2.49) into Eq. (3.2.47), we have the ϐinal formula of the three-center molecular integral over Dirac wave 
functions of the target quantity for the GCDD model as given by
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  (3.2.50)

The error term is in the order of 3 3
0 0(7 )R r . Note that Eq. (3.2.50) is almost the same as Eq. (3.1.42). These terms contained 

r0 in Eq. (3.2.50) (in other words, terms in the order of r0) are different from those rH in Eq. (3.1.42) (terms in the order of rH). For 
the hydrogen atom, r0 = 0.216939446(-4) and rH = (0.343011382(-4), which are small quantities. All main terms of Eq. (3.2.50) 
are the same as those in Eq. (3.1.42). As pointed out in the succeeding sentence after Eq. (3.2.14), for the outer part, each scalar 
potential of both models coincides with each other, and also each vector potential does. Also as pointed out in Eq. (3.1.38) and 
Eq. (3.2.46), all main terms come from the outer part. At the outer part, the value of the target quantity for the HCDD model 
coincides with that for the GCDD model, because of the coincidence of potentials. Therefore all main terms of the HCDD model 
are the same as those of the GCDD model. In Eq. (3.2.50), integrals over w, u, t1, and t2 can be performed numerically using the 
64-point Gauss-Legendre quadrature in the good precision of 8 signiϐicant ϐigures. With a similar derivation to that for Izz, we 
obtain Ixx by replacing y0 with 0 2[ 3 ] / 2y y   in the above Eq. (3.2.50) and Iyy by doing y0 with 0 2[ 3 ] / 2y y  . With a similar 
derivation to that for Izz, we have
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        (3.2.51)

We obtain Iyz by replacing y-2 with y1 in the above Eq. (3.2.51) and Izx by doing y-2 with y-1. Of course, .I I 

Table 1 shows new values (which are never published) for the three-center molecular integral over Dirac wave functions for 

both the HCDD and the GCDD models, which are expressed as 
2 3

2
M

A B
Z e N N I

c 
  where 

1/23(2 )
(3 2 )

A A
A

A

ZN 
 
 

    
 is the normalization 

Table 1: Example values for the three-center molecular integral over Dirac wave function for both the HCDD and the GCDD models; 
2 3

2
M

A B
Z e N N I

c 
 .

Atom at M  Atoms at A and B  ξη HCDD modela GCDD modelb

H(ZM
 = 1) H(ζA

 = ζB =1) XX -0.2273368(-5) -0.2273373(-5)
YY -0.1745919(-5) -0.1745922(-5)
ZZ -0.1447661(-5) -0.1447664(-5)
XY 0.0 0.0
YZ 0.0 0.0
ZX 0.1167725(-5) 0.1167728(-5)

C(ZM
 = 6) ZZ -0.5211580(-4) -0.5211591(-4)

Sn(ZM
 = 50) ZZ -0.3619153(-2) -0.3619161(-2)

Hg(ZM
 = 80) ZZ -0.9265031(-2) -0.9265052(-2)

C(ZM
 = 6) C(ζA

 = ζB =6) XX -0.5814495(-10) -0.5814054(-10)
YY 0.7153494(-9) 0.7153571(-9)
ZZ 0.4495310(-9) 0.4495373(-9)
XY 0.0 0.0
YZ 0.0 0.0
ZX 0.7179622(-9) 0.7179649(-9)

Sn(ZM
 = 50) ZZ 0.3121743(-7) 0.3121763(-7)

Hg(ZM
 = 80) ZZ 0.7991664(-7) 0.7991776(-7)

a) Eq. (3.1.42) and (3.1.43)
b) Eq. (3.2.50) and (3.2.51)

constant of the Dirac wave function at A and , ( , , )x y z   . The three centers are denoted by (0,0,0), ( 8 / 3, 8 / 3,2 / 3)M A   
 

,

and, ( 8 / 3, 8 / 3,2 / 3)B  


. Such is for the methane molecule with the C-H bond length is 2 bohr; i.e., the carbon atom is at M 
and two hydrogen atoms at A and B. In each example integrals, the target quantity is at M and the Dirac wave functions are at A 
and B. As seen in Table 1, each value of the HCDD model is very near to the corresponding one of the GCDD model, because the 
main term of the HCDD model is the same as that of the GCDD model as pointed out in Eq. (3.2.50).

Conclusion

The Gaussian-transform formula for the Dirac wave function is derived. Using this formula, one can derive the multicenter 
molecular integral over Dirac wave functions for any physical quantity. The present formula is useful, especially for the relativistic 
calculations of the NMR spectra, where those using the Dirac wave function as the basis function have been never reported 
yet. As the ϐirst application of the present formula, the three-center molecular integral is derived for the target quantity with 
two ϐinite nucleus models (HCDD and GCDD), which is necessary for solving the molecular matrix Dirac equation using the 
restricted magnetic balance. The integral value of the HCDD model is very near to that of the GCDD model. The next application 
is the multicenter molecular integrals for all of the physical quantities appearing in the matrix Dirac equation, Eq. (1.5). For the 
molecule, of course, the scalar potential in the Hamiltonian includes not only one electron term but also two electron terms. Such 
a project is in progress.

Acknowledgment

The author thanks a reviewer for many suggestions for improving the explanation of the present article.



GENERAL SCIENCE November 04, 2024 - Volume 2 Issue 11

DOI: 10.61927/igmin2662995-8067ISSN

914

This research did not receive any speciϐic grant from funding agencies in the public, commercial, or not-for-proϐit sectors. 
The author has no competing interest to declare.

References
1. WM, Sun XS, Chen XF, Liu, Wang F. Gauge-invariant hydrogen-atom Hamiltonian. Phys Rev A. 2010;82:012107.

2. Komorovský S, Repiský M, Malkina OL, Malkin VG. Fully relativistic calculations of NMR shielding tensors using restricted magnetically balanced basis and gauge 
including atomic orbitals. J Chem Phys. 2010 Apr 21;132(15):154101. doi: 10.1063/1.3359849. PMID: 20423162.

3. Yoshizawa T. On the development of the exact two-component relativistic method for calculating indirect NMR spin-spin coupling constants. Chem Phys. 
2019;518:112-122.

4. Fukui H, Baba T, Shiraishi Y, Imanishi S, Kubo K, Mari K, Shimoji M. Calculation of nuclear magnetic shieldings: inϐinite-order Foldy-Wouthuysen transformation. 
Mol Phys. 2004;102:641-648.

5. Andrae D. Nuclear charge density distribution in quantum chemistry. In: Schwerdtfeger P, editor. Relativistic Electronic Structure Theory Part 1. Amsterdam: 
Elsevier; 2002;203-258.

6. Visscher L, Dyall KG. Dirac-Fock atomic structure calculations using different nuclear charge distributions. At Data Nucl Data Tables. 1997;67:207-224. 

7. Hennum AC, Klopper W, Helgaker T. Direct perturbation theory of magnetic properties and relativistic corrections for the point nuclear and Gaussian nuclear 
models. J Chem Phys. 2001;115:7356-7363. 

8. Kobus J, Quiney HM, Wilson S. A comparison of ϐinite difference and ϐinite basis set Hartree-Fock calculations for the N2 molecule with ϐinite nuclei. J Phys B. 
2001;34:2045-2056. 

9. Ishida K. A reason why to use the Gaussian-type-orbital is not suitable for the relativistic calculation of the nuclear-magnetic-resonance spectra with using the 
restricted magnetic balance, Comput Theor Chem 2024;1241:114804. 

10. Shavitt I, Karplus M. Gaussian-transform method for molecular integrals. I. Formulation for energy integrals. J Chem Phys. 1965;43:398-414.

11. Ishida K. Calculus of several harmonic functions. J Comput Chem Jpn, Int Ed. 2022;8:2021-0029.

12. Gradshteyn IS, Ryzhik IM. Tables of Integrals, Series, and Products. New York: Academic Press; 2007. Formula # 3.471.3.

13. Silverstone HJ. On the evaluation of two-center overlap and Coulomb integral with non-integer n Slater-type orbitals. J Chem Phys. 1966;45:4337-4341.

14. Petersson GA, McKoy V. Application of non-integer transformation of multicenter integrals. J Chem Phys. 1967;46:4362-4368.

15. Guseinov II, Mamedov BA. Evaluation of multicenter one-electron integrals of noninteger u screened Coulomb type potentials and their derivatives over noninteger 
n Slater orbitals. J Chem Phys. 2004 Jul 22;121(4):1649-54. doi: 10.1063/1.1766011. PMID: 15260714.

16. Ozdogan T. Uniϐied treatment for the evaluation of arbitrary multielectron multicenter molecular integrals over Slater-type orbitals with noninteger principal 
quantum numbers. Int J Quantum Chem. 2003;92:419-427.

17. Sack RA. Generalization of Laplace’s expansion to arbitrary powers and functions of the distance between two points. J Math Phys. 1964;5:245-251. 
doi:10.1063/1.1704114.

18. Abramowitz M, Stegun IA. Handbook of Mathematical Functions. New York: Dover Publications, Inc.; 1972.

19. Ishida K. Rigorous and rapid calculation of the electron repulsion integral over the uncontracted solid harmonic Gaussian-type orbitals. J Chem Phys. 1999;111:4913-
4922.

20. Ishida K. General formula evaluation of the electron-repulsion integrals and the ϐirst and second derivatives over Gaussian-type orbitals. J Chem Phys. 1991;95:5198-
5205.

How to cite this article: Ishida K. Gaussian-Transform for the Dirac Wave Function and its Application to the Multicenter Molecular Integral 
Over Dirac Wave Functions for Solving the Molecular Matrix Dirac Equation. IgMin Res. November 04, 2024; 2(11): 897-914. IgMin ID: igmin266; 
DOI: 10.61927/igmin266; Available at: igmin.link/p266



INSTRUCTIONS FOR AUTHORS APC

IgMin Research - A BioMed & Engineering Open Access Journal is a prestigious multidisciplinary 
journal committed to the advancement of research and knowledge in the expansive domains of Biology, 
Medicine, and Engineering. With a strong emphasis on scholarly excellence, our journal serves as a 
platform for scientists, researchers, and scholars to disseminate their groundbreaking ϐindings and 
contribute to the ever-evolving landscape of Biology, Medicine and Engineering disciplines.

For book and educational material reviews, send them to IgMin Research, at 
support@igminresearch.us. The Copyright Clearance Centre’s Rights link program manages article 
permission requests via the journal’s website (https://www.igminresearch.com). Inquiries about 
Rights link can be directed to info@igminresearch.us or by calling +1 (860) 967-3839.

https://www.igminresearch.com/pages/publish-now/author-guidelines

In addressing Article Processing Charges (APCs), IgMin Research: recognizes their signiϐicance in 
facilitating open access and global collaboration. The APC structure is designed for affordability and 
transparency, reϐlecting the commitment to breaking ϐinancial barriers and making scientiϐic research 
accessible to all.

At IgMin Research - A BioMed & Engineering Open Access Journal, fosters cross-disciplinary 
communication and collaboration, aiming to address global challenges. Authors gain increased exposure 
and readership, connecting with researchers from various disciplines. The commitment to open access 
ensures global availability of published research. Join IgMin Research - A BioMed & Engineering Open 
Access Journal at the forefront of scientiϐic progress.

https://www.igminresearch.com/pages/publish-now/apc

WHY WITH US

IgMin Research | A BioMed & Engineering Open Access Journal employs a rigorous peer-review process, ensuring the publication of high-quality research spanning STEM disciplines. The journal offers a 
global platform for researchers to share groundbreaking ϐindings, promoting scientiϐic advancement.

JOURNAL INFORMATION

Journal Full Title: IgMin Research-A BioMed & Engineering Open Access Journal
Journal NLM Abbreviation: IgMin Res
Journal Website Link: https://www.igminresearch.com
Topics Summation: 150
Subject Areas: Biology, Engineering, Medicine and General Science
Organized by: IgMin Publications Inc.

Regularity: Monthly
Review Type: Double Blind
Publication Time: 14 Days
GoogleScholar: https://www.igminresearch.com/gs
Plagiarism software: iThenticate
Language: English
Collecting capability: Worldwide

License: Open Access by IgMin Research is
licensed under a Creative Commons Attribution 4.0 
International License. Based on a work at IgMin 
Publications Inc.
Online Manuscript Submission:
https://www.igminresearch.com/submission or can be 
mailed to submission@igminresearch.us

Thank you for providing this insightful research study—it’s a valuable asset that will empower us in our future undertakings.Publisher note:


